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Theorem 9.3. ([A11]) Let W be the contractible manifold given in Figure 9.1, and let
f:OW — OW be the involution induced from the obvious involution of the symmetric
link in S3, with f(vy) = ', where v,v" are the circles in OW, as shown in the figure.
Then f:OW = OW does not extend to a diffeomorphism F:W — W (but it does extend

to a homeomorphism,).

Proof. ([AM1]) From Theorem 8.11, we see that W is Stein (for this we use the descrip-
tion of W given in the second picture of Figure 9.1). Since 7' is slice and f(4') =7, if
f extended to a diffeomorphism F : W — W then v would also be slice in W. But this
violates the inequality of Theorem 9.1 (here F = D?, n =0 and TB(vy) = 0). The fact
that f extends to a homeomorphism of W follows from the Freedman theorem [F]. O

Figure 9.1






Proot  idlea

Clie Awo e of X vie £ | Xy . X

X
m oX o \Aowtof/v - 5?\4&& \"

toPoLOjicaL k- - ddim.

C)} _{l \\\/ Powease covgcc:’:ur@

(or e -cb. to &)

cordorackible w*




CQV\ View \I\} oL Qq celobive - cobovoliom:

"Project” Hhis to +he
Lottom  X* o obinin
the extemson [ of {‘




(th@) *EovotoiiaxL b-dim. G- cobordicm Hhm.:

) vonising Wit ueaol
Grsion (W, )

::> A/ homeomor[)\«ic, {a Pf oc)ucyk Mo yio; A 'j
WLQ)C}V@ JUO [OOW\OWI\{




AV\O‘HAQ‘ O‘PFLICOd:uM
The ‘Eopvtﬁj{cq/{ Freeolman boll  booxwlin on ‘tvditﬂral
kmMy 2~ 9?"% S unique. ,

REMARK 21.2. For a fixed homology 3-sphere 3, the contractible 4-manifold
constructed above is unique up to homeomorphism relative to the boundary. This
requires further ingredients. Here is a sketch of the proof. Let W and W’ be two
contractible 4-manifolds with boundary a homology 3-sphere Y. By the topological
input Poincaré conjecture (Section 21.6.2), the union WUsx,—W"' is homeomorphic to
S4. so bounds a 5-ball V = D®. Decompose the boundary as W U Y x 0,1]U—-W'
to view V as a simply connected h-cobordism relative boundary. The category
preserving compact h-cobordism theorem (Section 21.5) implies that V' is homeo-
morphic to W x [0, 1] and thus W is homeomorphic to W’ relative to the boundary.

homeo
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In order to construct W, observe that the spin bordism group Q35"(S') =
Q3P = 7./2 is detected by the Arf invariant of K. The Arf invariant can be
computed from the Alexander polynomial, and so vanishes. Thus there exists a
compact, spin 4-manifold V with boundary Mg and a map to S! extending the
map to S on M corresponding to a generator of H!'(M;Z) and sending a posi-
tively oriented meridian to 1.

Perform surgery on circles in V to obtain V'’ with 7y (V") = Z. The spin condition
on V implies that for every element of m2(V') there is a fixed regular homotopy class
of immersions of $? having trivial normal bundle: the Euler number of the normal
bundle can be changed by 42 by adding local kinks. The Z-equivariant intersection
form on 7y (V') is nonsingular and thus defines a surgery obstruction in L4(Z[Z]).
Here for nonsingularity we use the fact that Hy(Mg;Z[Z]) = 0, since Ak(t) is a
unit in Z[Z]. Moreover, we are using surgery for manifolds with boundary. It is
crucial here that the relevant fundamental group is Z, which is a good group. We
have that L,(Z[Z]) = 8Z with generator the Eg form. Take the connected sum of V"’
with copies of the Fg-manifold to produce V" with vanishing surgery obstruction.
This implies, by the exactness of the surgery sequence for manifolds with boundary,
that there exists a half-basis of Ho(V"") consisting of framed embedded spheres with
geometric duals (see the sphere embedding theorem in Chapter 20) on which we
can perform surgery to obtain a 4-manifold W. By construction, W is homotopy
equivalent to S', and so satisfies the desired conditions. []

IV\C‘Y“CD{\WS :

) existence O,Q

Eg - \M‘Q’LDl

) 'toPOLoSicaL Su«rguy
-For* Ty = 21

.) bp. ih?ui? Potncace conj-



@ AW\U(@Mt 5@3@*}/ +o recluce Qews

?VO@Q USES @& émgte, Q{JPUCWBW 0[- Frﬁdman's _Dislt Embeddinﬂ 1—\/\80\“&'\4 ( DET)
with  Guootin '(V\wa

[DET kooe, Sec. 21673 ) ”
S%Mmowy of the P(bo-g 4

| Cogovfalickic - Teiokmer: On losts with +riviak Alexandler P°L/3
A Prstle eroc jn daim obedk  triangqulas
of  SleX  wtyix W tais paper ] W
7 \ergion \u\ﬂr)d'\ WS e Ffeeolmam— /f/la‘fEAVW&EO -‘F"W"\
nekead o {rm& te disks and  olugl Sf\tﬁr@



Seidert surtace S B L \o%\/ﬁox
o DY

ZC )‘Dlr 1% an GKOUWPLQ of o —B""Swg»ac/e/
L

e, T, (D-2)= Z



Work to_awbietly Sur 7 to o olisk =9 5

(ASC AK:/‘ 'QD '{"V\Ol:

- Ltoi-f-- bosis of cures on 2 bDu'V\Ok:lv/\ﬁ imwersed] dlisks A‘.}
Wb WA e D=2

~ ks (8% o cpigel e by dual spheres BO(UaL sphees
(‘Koduccd s dual. (s o} coques o,\Z)

(et us Cm@hi&@

Huat Jd,\e. hew 5ur-Fqce
Sbu, Wag 31"00? Z




dual Spheces
bt fFoom rim o

DET in D=2 A5 e &, by waually lispint, £lot cubeded
disks 1 D¥—5 ( Sae 9)

~>  Sugr T 4o locally flat ciske ~~ Dove!



Dick. ~ embedbling theorem.
(vergon  wity SCOMdJ‘TC«My cval 5‘3\nexe5 m the owtp»d?)
} wecdes w L — wanidolols  with agod LTundameytzl groop

Theorem A (Disc embedding theorem cf. [FQ90, Theorem 5.1A|). Let M be a connected
4-manaifold with good fundamental group. Consider a continuous map

F=(fi,....f): (D*u---uD?8 L. u S — (M, 0M)

that is a locally flat embedding on the boundary and that admaits algebraically dual spheres
{9 le satisfying X(gi,g;) = 0 = pi(g;) for all i,5. Then there exists a locally flat embedding

F=(fi,....fx): (D*u---uD* 8 u---u8") — (M,oM)

such that F has the same boundary as F and admits a generically immersed, geometrically
dual collection of framed spheres {g,}*_,, such that g, is homotopic to g; for each i.

Moreover, if f; is a generic immersion, then it induces a framing of the normal bundle
of its boundary circle. The embedding f, may be assumed to induce the same framing.
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