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DISTANCES BETWEEN SURFACES IN 4-MANIFOLDS
OLIVER SINGH

ABSTRACT. If ¥ and & are homotopic embedded surfaces in a 4-manifold then they
may be related by a regular homotopy (at the expense of introducing double points) or
by a sequence of stabilisations and destabilisations (at the expense of adding genus).
This naturally gives rise to two integer-valued notions of distance between the embed-
dings: the singularity distance duing(E, ) and the stabilisation distance du (S, )
Using techniques similar to those used by Gabai in his proof of the 4-dimensional
light-bulb theorem, we prove that du(S,Y') < duing(S, ) + 1.

1. INTRODUCTION

Let X be a smooth, compact, orientable 4-manifold, possibly with boundary. Let X, £/
be connected, oriented, compact, smooth, properly embedded surfaces in X. We say
that X' is a stabilisation of ¥ if there is an embedded solid tube D' x D* C X such
that £N (D' x D?) = {0,1} x D2, and %' is obtained from by removing these two

iscs and replacing them with D' x S*, as in Figure 1, and then smoothing corners. In
tuation we say that ¥ is a destabilisation of ¥'.

D C-a=g}fee

FIGURE 1. A stabilisation. Given D' x D? ¢ X which intersects ¥ on §° x D?, we
remove the two discs S° x D2, add the tube D' x S, then smooth corners.

Definition 1.1. Given X, ¥’ as above, both of genus g, define the stabilisation distance
between ¥ and ¥’ to be

(%, F') = min [max{g(P1), .., 9(Pe)} - gl

where § is the set of sequences Pi, ..., P of connected, oriented, embedded surfaces
where ¥ = Py, &' = Py and P, differs from P, by one of, i) stabilisation, ii) destabili-
sation, or iii) ambient isotopy. If no such sequence exists we declare dy (£, ¥') = co.
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