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Bridge trisections in CP? and the Thom conjecture

Peter Lambert-Cole

In this paper, we develop new techniques for understanding surfaces in CP? via
bridge trisections. Trisections are a novel approach to smooth 4-manifold topology,
introduced by Gay and Kirby, that provide an avenue to apply 3-dimensional tools to
4-dimensional problems. Meier and Zupan subsequently developed the theory of
bridge trisections for smoothly embedded surfaces in 4-manifolds. The main
application of these techniques is a new proof of the Thom conjecture, which posits
that algebraic curves in CP? have minimal genus among all smoothly embedded,
oriented surfaces in their homology class. This new proof is notable as it completely
avoids any gauge theory or pseudoholomorphic curve techniques.

Comments: 33 pages, 18 figures

Subjects: Geometric Topology (math.GT)
MSC classes: 57R17, 57R40
Cite as: arXiv:1807.10131 [math.GT]

(or arXiv:1807.10131v2 [math.GT] for this version)
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FIGURE 2. (Left) A torus diagram for a bridge trisection of a cubic curve in CP?.
(Right) A banded link diagram corresponding to the bridge splitting of the cubic.



D@Q ntion R<
PFOPQF‘E&’_S




A Quick Reference Guide to Khovanov’s Categorification of the Jones Polynomial
boreowed ‘FI”UM Dror Bar—Natan,lAugust 17, 2004

The Kauffman Bracket: () =1; (OL)=(¢g+q¢ {L); O =( <X Y—q( >C ).

O—smoothing 1—smoothing

The Jones Polynomial: J(L) = (—1)"-¢"+~2"~ (L), where (ny,n_) count (3,X) crossings.
Khovanov’s construction: [L] — a chain complex of graded Z-modules;

M=0— Z —0; [OL=Ve&[L]; [X]=Flatten (0 - [X] = Pq{1}— 0) ;

height 0 height 0 height 1
H(L) = H(C(L) = [L][~n-l{ns — 2n_})
V = span(v,, v_); degvy = +1; qdimV = g+¢~' with ¢dimQ := Z g™ dim O,,;

L

O} = Oy so  qdim O{I} = ¢ ¢dim O; [s] :  height shift by s;
D m . 'U+®U_'—>’U_ ’U+®U+'—>’U+
(QO <./\<>)_>(V®V—>V) '{,U®L,+._>/U - ®@uv_+—0
(CO2LO0)—(vavey) A;{

Uy = U @Uo U @y
Vo — V_ @ U_

(LAOL
[euosuawip-(T + 1)
v puy jeiqoSiy

SNIqoL] ® §,)e1 T,

(1) g 2n—

E le: 241 2 _ 46 3 B Lors 20
AR P9 tita g (with (ny,n_) = (3,0)) SR e 2
(¢ + q‘1)2 - 3q(g+q7") + 3¢*(q+q71)? - ?lg+q7)?
A A A
‘E‘ 1 Q 2 —142
g a(g+q~ q*(g+g ")
£ V{l} 2 ) ve2{2}
= 100 110 that’s a
= : _ _ cobordism!
& : )
5 9 b
+ e
a, d,o00 di1s

[g@

(q+tr1)z qlg+q™1) q . QOO O q3(q+q;1)3
Ve r v{1} O VvE2{2} ” QO vE3f3}
000 00 010 101 Lel 111

. & o SO
% doos @V du1n
é ' &J(Hq‘l) 2
8 v{1}
2
Y S (-1)de 5 (1)t S (-1)fde
: l€]=0 ? lél=1 o |€]=2
v 7 ; jl ‘ Y V
[e]° [e]’ [e]* [e]®
(here (_1)6 — (_1)22-(3-51- if £ = %) _ [@] [—n_{ni—2n_} c(a).

(with (ny,n_)=(3,0))
Theorem 1. The graded Euler characteristic of C(L) is .J(L).
Theorem 2. The homology H(L) is a link invariant and thus so is Khe(L) := >, t" ¢dim HE(C(L))
over any field F.
Theorem 3. H(C(L)) is strictly stronger than J(L): H(C(51)) # H(C(1013)) whereas J(5;) =
J 10132 .
C(onjec)ture 1. Kho(L)=q¢* 1 (1+q¢*+ (1 +tg*)KK) and Khz,(L) = ¢* (1 +¢?) (1 + (1 + tg?) KK')
for even s = s(L) and non-negative-coefficients laurent polynomial Kk’ = Kh'(L).
Conjecture 2. For alternating knots s is the signature and K& depends only on g2
References. Khovanov's arXivimath.QA /9908171 and arXiv:math.QA/0103190 and DBN’s

http://www.ma.huji.ac.il/~drorbn/papers/Categorification/.
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Man and machine thinking about the smooth 4-dimensional
Poincaré conjecture

Mi

chael Freedman, Robert Gompf, Scott Morrison, Kevin Walker

While topologists have had possession of possible counterexamples to the smooth
4-dimensional Poincaré conjecture (SPC4) for over 30 years, until recently no
invariant has existed which could potentially distinguish these examples from the
standard 4-sphere. Rasmussen'’s s-invariant, a slice obstruction within the general
framework of Khovanov homology, changes this state of affairs. We studied a class
of knots K for which nonzero s(K) would yield a counterexample to SPCA4.
Computations are extremely costly and we had only completed two tests for those
K, with the computations showing that s was 0, when a landmark posting of Akbulut
(arXiv:0907.0136) altered the terrain. His posting, appearing only six days after our
initial posting, proved that the family of “"Cappell--Shaneson" homotopy spheres that
we had geared up to study were in fact all standard. The method we describe
remains viable but will have to be applied to other examples. Akbulut's work makes
SPC4 seem more plausible, and in another section of this paper we explain that
SPC4 is equivalent to an appropriate generalization of Property R ("'in $*3, only an
unknot can yield S*1 x $*2 under surgery"). We hope that this observation, and the
rich relations between Property R and ideas such as taut foliations, contact
geometry, and Heegaard Floer homology, will encourage 3-manifold topologists to
look at SPC4.

Comments: 37 pages; changes reflecting that the integer family of Cappell-Shaneson spheres are now known to be standard
(arXiv:0907.0136)

Subjects: Geometric Topology (math.GT); Quantum Algebra (math.QA)

MSC classes: 57TR60, 57TN13, 57M25

Journal reference: Quantum Topology, Volume 1, Issue 2 (2010), pp. 171-208

DOk

10.4171/QT/5

Cite as: arXiv:0906.5177 [math.GT]

(or arXiv:0906.5177v2 [math.GT] for this version)
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Figure 6: Figure 17 from [16], showing the handle presentation of the Cappell-
Shaneson sphere X,,.
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Fig. 9.

Figure 7: Figure 9 from [16], showing the two component cocore link L,,. What
appears to be a third, unknotted, component drawn with a dashed line is actually

notation for a full positive twist on the strands passing through it.
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Cappell-Shaneson homotopy spheres are standard
Selman Akbulut

We show that an infinite sequence of homotopy 4-spheres constructed by Cappell-
Shaneson are all diffeomorphic to S*4. This generalizes previous results of Akbulut-
Kirby and Gompf.

Comments: 5 pages, 4 figures. A minor correction, a reference and a remark added, to appear in Annals of Mathematics
Subjects: Geometric Topology (math.GT); Algebraic Topology (math.AT)
MSC classes: 58D27, 58R05, 5TR65
Cite as: arXiv:0907.0136 [math.GT]
(or arXiv:0907.0136v3 [math.GT] for this version)

.) H is shIL open  whether the o-inriat  arbomabically vowishes for
l,ty\o‘ks ‘B’th oL 5).,;c,€, iV\ Gauge theory and Rasmussen's invariant

P. B. Kronheimer, T. S. Mrowka

SOYV[C \/\Oﬂ\d@\/ L’- .,lm}!’ ] A previous paper of the authors' contained an error in the proof of a key claim, that

Rasmussen's knot-invariant s(K) is equal to its gauge-theory counterpart. The
original paper is included here together with a corrigendum, indicating which parts

c still stand and which do not. In particular, the gauge-theory counterpart of s(K) is not
See. Jd/xe cow\tse/V\o\uW\ "}:0

additive for connected sums.

Comments: This version bundles the original submission with a 1-page corrigendum, indicating the error. The new version of the
corrigendum points out that the invariant is not additive for connected sums. 23 pages, 3 figures
Subjects: Geometric Topology (math.GT)

MSC 5TR58, 5TR60

classes:

DOl 10.1112/jtopol/jtt008

Cite as: arXiv:1110.1297 [math.GT]

(or arxiv:1110.1297v3 [math.GT] for this version)
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